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Some Properties of Image Circles
H. F. MATHIS~

Summar~—Some properties of image circles for four-terminal

networks are dkcussed. A procedure for correcting an image circle,

obtained with a Iossy short, is presented. Indirect methods for de-

termining the open and short circuit impedances of a symmetrical

four-terminal network are discussed.

THE IMAGE CIRCLE

T
HE IMAGE circle for a linear and bilateral four-

terminal network, or two-port waveguide struc-

ture, is obtained in the following manner:

a) A variable reactance, or a movable short, is con-

nected to the output terminals, or port. It is assumed

that the reactance, or short, is lossless.

b) The input impedances, or voltage reflection coeffi-

cients, for several values of reactance, or positions of

the short, are measured.

c) The input impedances, or reflection coefficients,

are plotted on a circular transmission line chart; i.e.,

Smith (R – X) or Carter (Z – 6) chart, or polar graph

paper. 1 Any convenient normalizing impedance can be

used with the transmission line chart.

d) The image circle is drawn through these points.

If all of the points do not lie on a circle, this is due to

experimental errors. Hereafter, it is assumed that the

image circle is drawn on a Smith chart.

The image circle has several interesting properties

which were discussed in many papers and research re-

ports. Here two experimental procedures are presented

making use of the image circle. Theoretical basis for

these is discussed in Appendix. Before presenting these

procedures, it is desirable to consider the input imped-

ance when network is terminated in a resistance.

INPUT IMPEDANCE FOR RESISTIVE LOAD

The input impedance Z~, when the network is termi-

nated in a resistance R~, can often be determined b~

direct measurement. If Rj is the characteristic imped-

ance of the transmission line or waveguide containing

the movable short, the input impedance can be de-

termined by indirect methods which make use of the
image circle. z–5 These methods do not require that the

t Aerophysics Dept., Goodyear Aircraft Corp., Akron, Ohio.
1 The reader should recall that plotting impedances on a circular

transmission line chart is equivalent to plotting voltage reflection
coefficients.

Z G. A. Deschamps, “A new chart for the solution of transmission
line and polarization problems, ” TRANS. IRE, vol. MTT-1, pp. 5–13;
March, 1953; also, Electrical CotnmcLnications. vol. 30. DD. 247–54.:
September, 1953.

,..

3 G. A. Deschamps, “Determination of reflection coefficients and
insertion loss of a waveguide junction, ” Jour. A ppl. ~hys., vol. 24,
pp. 1046–50; August, 1953; also, Electrical Covznzun ications, vol. 31,
DD. 57–62: March. 1954.,.
- ‘ A G. A. Deschamps, “A Hyperbolic Protractor for Microwave Im-
pedance Measurements and Other Purposes, ” Federal Telecommuni-
cation Laboratories, Nutley2 N. J.; 1953.

5 J. E. Storer, L. S. Shemgolb, and S. Stein, “A simple graphical
analysis of a two-port waveguide junction, ” PROC. IRE, vol. 41, pp.
1004-13 ; August, 1953.

image circle be obtained with a lossless short.

These indirect methods pair points on $he image circle

corresponding to positions of the movable short which

are separated by one-quarter wavelength. The cross-

over #oinf, which is used later, is defined as the intersec-

tion of the straight lines connecting these pairs of

points. If the network is terminated in a variable react-

ance, these indirect methods can be used if the points

on the image circle corresponding to the reactance X

and — Rz2/X are paired.

A PROCEDURE FOR CORRECTING AN IMAGE CIRCLE

OBTAINED WITH A LossY SHORT

The magnitude r of the voltage reflection coefficient

of the short is determined. The points for the image

circle are plotted. The center Z~ of the image circle is

located and the image circle is drawn, as shown in Fig. 1.

The value of the input impedance ZA for Rz equal to the

characteristic impedance of the line containing the

movable short is determined and plotted.

Fig. 1—A circular impedance diagram that illustrates the procedure
for correcting an image circle.

The radius k of the image circle and the distance s

between the points 2.4 and ZB are measured. The value

of

(1 – r’)k’,
p=

J72~2– S2
(1)

is calculated. The center Zc of the corrected image circle

is located on the straight line through 2A and ZB, as

shown in Fig. 1. The point ZB always lies between 2A

and Zc. The radius r of the corrected image circle is

given by
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(k’ – s’)rk
y=—— (2)

r2k2 _ s2 “

Finally, the corrected image circle is drawn using the

center Zc and the radius T.

INDIRECT PROCEDURES FOR DETERMINING Z,. AND

Zo. OF A SYMMETRICAL FOUR-TERMINAI. NETWORK

For some convenient value of Rs, the value of Z~ is

determined. The points for the image circle and the

point Z~ are plotted, using Rz as the normalizing imped-

ance. The center Zc of the image circle is located and the

image circle is drawn, as shown in Fig. 2.

Z= 0, Z~, I/ZA should be similar. These triangles can

be drawn and used to check the results.

The values of Z,. and 2.. can also be determined h-urn

the values of Z.l and Zc by using

z = (%I + ~A)zC – ZA~A(l + Z(T)
s, —

2A – ~.,ZC
(6)

and

2.4 — %Az{;

%.. =
1 – ZA – ~A + Zc’

where 2A is the conjugate of ZA. Let &, KA, and J~C

denote the voltage reflection coefficients corresponding

to ZA, 2A, and Zc, respectively. Eqs. (6) and (~) are

equivalent to

z = _ & +=. – & + &~..(& + 2)
s,

KA – ~A – (1 -.K.I~A)Kc ‘
(8)

— -7
KA – XA – (1 – ~A~.4)&’

2.. = – –-’”— – –, (9)
KA + K., – KC + &~.i(Kc z ~)

(10)

\ \/
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Fig. 2—.% circular impedance diagram that illustrates the graphical
procedure for determining Z.c and 2.,.

Straight lines are drawn through the points Z.I and

the points ZC, Z= O, 1, and cc. The angles a, ~, y, and 8

are measured. Lines are drawn through the points ZC

n-hich makes the angles

(3)P=a+@–2~[–180°

and

V=a+~+2d+180° (4)

with the X = O line. The intersections of these lines ~rith

the image circle are Z.. and Zoc, respectively.

If the crossover point is known, the line through this

point which makes the angle

u=cx+/3-7+5-l N)0 (5)

with the X = O line intersects the image circle at Z,. and

Zo.. Wheu the crossover point is above the X= O line,

the point Z,, is nearer the X = O line if O <v <180° and

Zo, is nearer if 180°< c <360°. When the crossover point

is below the X= O line, 2.. is nearer the X = O line if

a <a <180° and Z,. is nearer if 180° <a< 360°. If

O = O, 2,. is left of Zoe; and if a = 180°, Z., is right of Zoc.

The triangles whose vertices are Z= 0, ZOC, I/Z.C, and

and

K,, – Kc + K..IKA(Kc – I)
KOC = – —.

KA – & KA

(11)

The writer has found that the graphical procedure

which was described first gives the most accurate results

of any of the procedures presented in this paper for

determini]lg Z,. and Zoc.

.4 PPENDI~

General Theory

According to well-known circuit theory, the input

impedance Z1 and the load impedance ZS of a linear

and bilateral four-terminal network are reklted by

AZ, + B
2?1==

CZ2 + D
(12)

Let K, denote the voltage reflection coefficient at the

input terminals relative to the resistance R]; i.e.

Z1 – Rl
K, =

Z1+R1;
(13)

and let K2 denote the voltage reflection coefficient at

the output terminals relative to the resistance R2; i.e.

Eqs. (12)–(14) cm be combined to obtain

aK2 + b
K1 =

cK2 + d
(1!5)

Eqs. (12) and (15) are called bilinear transformations.

Bilinear transformations map circles into circles.
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ab +- bg
Kc=– –

bb–dd”
(27)

Eq. (15) can be written

a;K&—z — b~ (cK, + d) (ad – bc)K2_ , ~16)
Kl=. _–

CCK2K2 — da (cK, + d) (ciK2~2 – dd) Eqs. (19) and (27) can be solved for a/d to obtain

where the bars above the symbols denote conjugates.

If K2 lies on a circle whose center is at the origin and

whose radius is I’, it follows from (16) that K1 lies on a

circle whose center KB and radius k are given by

a KA – (1 – KAXA)KC

d=– ~A
(28)

If 2.2=0, Kz= – 1 and (15) can be written

a b
— — —(17)

dd
K,. = –

;+1

(29)and

ad — bc
k= _ r’,

CC~2 — dd
(18)

If the values of a/d and b/d given by (28) and (19)

are substituted in (29), the result is (10). When Zz = co ,

Kz = 1 and (15) can be written

If 22 =jX, where X is a variable reactance; Kz lies on

the circle defined by 17= 1 and K1 lies on the circle which

is called the image circle. The center and radius of the

image circle are denoted by KC and r, respective y.

When Zz= Rz, Kj = O, and (15) reduces to

K~ = b/d. (19)

d’d
Ko. = –

b“
(30)

—— 1
d

If the image circle is obtained with a lossy short,

I’< 1, In this case, (17)–(19) can be solved for aE, bd,

c2, and dd to obtain

If the values of a/d and b/d given by (28) and (19) are

substituted in (30), the result is (1 1). Eqs. (6)–(9) can

be obtained from (10) and (1 1).

It follows from (10) and (11) that
A [kzKA – (k’ – s’)KB]

ac = t (20)
I’k(w – d’)

(KA – K.)(1 +~A) ,
K,, –Kc=

~A(l +KA)
(31)

(KA – Kc) (1 –~.)
KO. –KC= –

~~(1 –– KA) ‘
(32)

AI’k KA
bd = —- (21)

k2_~2’

AS2
cc =

I’k(k2 – S2)‘
(22)

and
and

Ark
dii=— (23)

k2_s2;

K _K = z (~ –Kc)(1 –KAzA)
SC Oc

K~(l + K~)(l – K.) “
(33)

The angles of the vectors in (31)–(33) must satisfywhere

lAl=lud-l)cl (24)

and

s= IKA– KBI. (25)

The center of the corrected image circle is given by

L(K,, – Kc) = .Z(KA – Kc) +~KA – z~(l +KA), (34)

z (K.. – Kc) = 180° + L (KA – Kc) + LKA

–2,Z(1-KA), (35)

and

– b~
Kc = a: _ = KB + (fl/s)(KB – KA), (26)

CC — dd

L(K,C – KO,) = Z(KA – Kc) + ~KA – ~ (1 + KA)

– Z(1 – K/J. (36)

where ~ is given by (1). The radius r is given by Eqs. (34)–(36) are equivalent to (3)–(5).

It follows from (10) and (11) that
A = (k2 — Sz)rk

.y= (2’)
C; — dd r2k2 _ s2 “ 1 + K.. l+KA

l–K.c=l– K~”
(37)

Thus (1) and (2) can be used to correct an image circle

which was obtained with a Iossy short.

In the following discussion, it is assumed that the

four-terminal network is symmetrical. Now, A= D and

b = – c. The center KC of the image is given by

This equation requires that the triangles ( – 1, KOC,
– K..) and ( – 1, KA, – KA) be similar. This is equiva-

lent to requiring that the triangles whose vertices are

Z= O, Z., 1 !Z,c and Z= O, ZA, l/ZA be similar.


